Free Oscillations: Frequencies and Attenuations
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1. INTRODUCTION

The displacement at any point on the surface of the
Earth can be quite complicated but can be thought of as
a sum of discrete modes of oscillation, each mode hav-
ing a characteristic frequency and decay rate which are
dependent upon the structure of the Earth. The initial am-
plitudes of the modes of free oscillation depend upon the
source of excitation which, in free-oscillation seismology
(or “normal mode” seismology), is usually an earthquake.
Earthquakes are typically of relatively short duration. For
example, a magnitude 6.5 earthquake will rupture for per-
haps ten seconds after which the Earth is in free oscillation.
Away from the immediate vicinity of the earthquake, the
motions of the Earth are small in amplitude and the total
displacement at a recording site can be written simply as
a sum of decaying cosinusoids:

u(t) =Y Agcos (wit + rle” . )
k

wy, 18 the frequency of the k’th mode which has an initial
amplitude Ay and an initial phase ¢;. o controls the
decay rate of the k’th mode and is often written in terms
of the “quality” of the mode, (), where
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When @)y, is large, oy, is small so the mode rings on for a
long time. Conversely, low ¢} modes decay away quickly.
In the Earth, attenuation of seismic energy is weak and the
()’s of modes are typically between 100 and 6000. Thus
modes of oscillation ring on for many cycles before being
appreciably attenuated.

Long wavelengths are typically associated with low fre-
quencies and free oscillation theory has usually been used
to describe motions of the Earth with periods between
about 100 seconds and 1 hour. The latter period corre-
sponds to the frequency of the mode 4.5, which is some-
times called the “football mode” of the Earth since it corre-
sponds to a mode of deformation in which the Earth looks
like an American football (Figure 1a). The notation ,, S,
arises from the fact that, on a spherically-symmetric Earth,
free oscillations have displacement fields which are sim-
ply related to spherical harmonics: the £ is the harmonic
degree of the relevant spherical harmonic which controls
the number of nodes in the displacement field in latitude.
n is the “overtone index™. n = 0 corresponds to the lowest
frequency mode of harmonic degree £ and is termed a “fun-
damental mode”. Higher frequency modes, n > 0, are
called “overtones”. Finally, the S indicates that this mode
is in the class of “spheroidal” modes. Spheroidal modes
can have complicated displacement fields which involve
compression of the Earth as well as shearing. These modes
therefore affect (and are affected by) the gravitational field
of the Earth and can be measured using gravimeters. The
simplest case of a spheroidal mode is one in which the
displacement is everywhere in the radial direction (Figure
Ib). Such modes are called “radial” modes and the fun-
damental radial mode, ¢Sy, has a period of about 20 min-
utes. An alternate class of modes is the “toroidal modes”
which consist of shearing on concentric shells (e.g., Fig-
ure 1c) and are labelled ,, Ty in an analogous fashion to the
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Fig. 1. Hlustrations of the displacement fields of various
modes of oscillation. a) (.53, the “football” mode of the
Earth, b) ¢S50, the “breathing” mode of the Earth, and c)
the toroidal mode o15.
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Fig. 2. Comparison of a synthetic seismogram with data
for a vertical-component, long-period recording (VHZ)
from a station of the Chinese Digital Seismic Network at
Kunming (KMI). The dotted line is the synthetic made by
mode summation and includes all modes with frequencies
less then 8 mHz. The large wave packets labelled R,—Ry4
are Rayleigh wave surface waves. R has travelled the mi-
nor arc from the source to receiver while R, has travelled
in the opposite direction. The travel time to complete a
full orbit is about 3 hours (Rz is the same as R, but after
one complete orbit).

spheroidal modes. The motion in a toroidal mode has no
radial component and there is no compression or dilation
so they are not recorded on gravimeters.

Low frequency disturbances are efficiently excited only
by large earthquakes so the study of free oscillations has
historically concerned the study of very large earthquakes.
Modern networks can easily record free oscillations from
earthquakes with surface wave magnitudes greater than
about 6.5. There are roughly 20 such events per year so
there are now many thousands of recordings available for
free-oscillation research. An example of a long-period
recording is shown in Figure 2 along with a “synthetic”
seismogram made using equation (1). A model of the
earthquake source is used to calculate the initial ampli-
tude and phase (A; and ¢;) of each mode and a model
of the elastic and anelastic properties of the Earth is used
to calculate the frequency and attenuation rate (wy and
o) of each mode. Even though equation (1) is very sim-
ple, the interference between modes of oscillation gives
a complicated waveform which agrees in detail with the
observations. The large amplitude wave packets seen in
the seismogram correspond to surface waves which travel
around the surface of the Earth much like ripples on the
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surface of a pond travelling away from some initial distur-
bance.

It is interesting to note that the particular Earth model
used in this calculation is rather simple. In fact the model
includes only radial variations of the elastic and anelas-
tic parameters and completely ignores lateral variations
such as continent/ocean differences. Such spherically-
symmetric Earth models can quite accurately reproduce
many seismic observations and provide useful starting ap-
proximations to more realistic calculations.

Much of the theory used to calculate the free oscilla-
tions of Earth models has been available for over a cen-
tury but the observational history is much shorter. The ini-
tial “observation” was made by Benioff [3] who recorded
a long-period disturbance of the Earth on a fused-quartz
strainmeter after a large earthquake in Kamchatka in 1952.
Benioff’s interpretation of this record is almost certainly
wrong but this work did reawake interest in the theoretical
aspects of free-oscillations [e.g., 1]. Thus, in 1960, code
for computing the free-oscillation frequencies of realis-
tic Earth models existed just as the huge Chilean earth-
quake provided the first unambiguous recordings. Several
groups presented observations of spheroidal modes mea-
sured on gravimeters and spheroidal and toroidal modes
measured on strainmeters and the good agreement with
the calculated frequencies gave strong support to the re-
sults (particularly convincing was the lack of peaks at the
computed toroidal mode frequencies on the gravimeter
recordings). Recordings from this event also provided the
first observational evidence for splitting of the lowest fre-
quency medes caused by the rotation of the Earth [2, 25].

The occurrence of several huge earthquakes throughout
the 60’s and the installation of the WWSSN (Worldwide
Standardized Seismographic Network) in the early 60’s
resulted in many further observations of mode frequencies
which are summarized in Derr [9] and were used in several
attempts to make better Earth models.

The next major step forward came with the occurrence
of the Columbian 1970 earthquake. This remarkable
carthquake was as large as anything recorded digitally
since but was at a depth of 650 km. Such deep earthquakes
are incapable of exciting fundamental modes which nor-
mally dominate the seismogram and obscure the lower
amplitude overtones. Consequently, the Colombian earth-
quake allowed a great number of overtones to be measured
for the first time. These modes are important since they
constrain the structure of the deep Earth. A gravimeter
recording of this event was made at Payson Arizona by W.
Farrell and the spectrum (see next section) is completely
dominated by overtones, some of which have not been re-
liably observed since! It is this recording which provided

the impetus to start the global IDA (International Deploy-
ment of Accelerometers) array in the mid-70’s. Theoret-
ical work by Gilbert in the early 70’s also led to compact
expressions for mode excitation and array processing al-
gorithms which were eventually applied to hand-digitized
WWSSN recordings of the Columbian earthquake [16].
The resulting explosion in the number and quality of de-
generate frequency estimates led to a dataset which is es-
sentially that used in the construction of current reference
Earth models [e.g., 11]. Subsequent work using data from
the modern digital arrays has led to the identification of
large signals due to Earth rotation and 3-dimensional struc-
ture which must be assessed before accurate degenerate
frequencies can be assigned.

2. FREE-OSCILLATION FREQUENCIES AND AT-
TENUATION RATES

The utility of the free-oscillation description of long-
period seismic motion becomes apparent when we look at
the spectrum of a seismic recording. Figure 3 shows the
amplitude spectrum of 60 hours of the recording of Figure
2. The spectrum is clearly composed of discrete peaks,
each peak corresponding to one (or more) mode of free
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Fig. 3. Fourier amplitude spectrum of 60 hours of the
recording shown in Figure 2. The record was Hanning-
tapered to reduce spectral leakage effects. The spectrum
(which is proportional to ground acceleration) is domi-
nated by large peaks which are roughly uniformly spaced
with a separation of about 0.1 mHz. These peaks corre-
spond to fundamental spheroidal modes which compose
the large amplitude Rayleigh wave packets seen in Figure
2.



oscillation: spheroidal and toroidal (see equations 15,16).
The displacement fields are proportional to a spherical
harmonic of degree £ or its lateral derivatives though the
frequencies of free oscillation are independent of the az-
imuthal order number m. A consequence of this is that
there are 2¢+ 1 modes of oscillation with exactly the same
frequency. This group of 2¢ + 1 modes is called a “mul-
tiplet” while the individual members of the multiplet are
called “singlets”. Dcpartures of the Earth from spherical
symmetry remove the degeneracy and, in general, each
singlet within a multiplet will have a slightly different fre-
quency. This phenomonon is called “splitting”.

Figure 4 shows the degenerate frequencies of toroidal
and spheroidal oscillation for a typical spherically sym-
metric Earth model, PREM, for frequencies below 10
mHz. The large dots indicate those degenerate frequencies
which can be reliably determined (see also Table 1). There
is considerable structure in these diagrams and modes are
often classified into various types to help describe their
properties. Consider the simpler case of toroidal modes.
Once the displacement field is known for a mode, it is
straightforward to calculate the distribution of energy of
the mode within the Earth (see Appendix). Figure 5 shows
the elastic shear energy density for three different toroidal
modes as a function of radius. The first is a fundamantal
mode (n = 0) and the energy is confined close to the sur-
face. If we use equation (1) to calculate a synthetic seismo-
gram and include only fundamental modes, we generate
a seismogram consisting of the large amplitude surface
waves (actually Love waves). Fundamental modes are
therefore called “‘surface-wave equivalent” modes. The
second example is of a mode whose energy distribution
is oscillatory part way through the mantle then becomes
exponentially decaying. The depth at which the behavior
changes from oscillatory to exponential is called the “turn-
ing point”. If a seismogram is constructed of all modes
with a turning point at this depth, we find that it looks like
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Fig. 4. Free-oscillation frequencies (dots) plotted as a
function of harmonic degree for a) spheroidal modes and
b) toroidal modes. The large dots indicate the modes for
which a reliable degenerate frequency can be assigned (sec
Table 1). The solid lines join modes of the same overtone
number and are called “branches”. The fundamental mode
branch is the lowest frequency branch and is equivalent to
the dispersion curve for fundamental mode surface waves.
Also marked in figure 4a are the pseudobranches corre-
sponding to waves trapped on the CMB and on the ICB (a
pseudobranch is made up of several segments of different
overtone branches). The very steep pseudobranches in the
top left of figure 4a are composed of modes which have
their energy trapped inside the inner core while the nearly
flat pseudobranches which cross them are composed of
ScS-equivalent and PcP-equivalent modes.

a set of body wave § arrivals (e.g. S, S5, 555, etc.) all
of which have the same ray turning point. Such modes are
called “mantle S-equivalent” modes. The final example
is oscillatory all the way through the mantle. In fact, all

























































